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Abstract- Given a particular motion control problem, the question
investigated in this paper is how to select the most appropriate control
law and its parameters. Here, the selections of both the controller and its
parameters are formulated as a single optimization problem. A novel
cost function is proposed to capture many practical design
considerations. The choices of controllers include the conventional
proportional-integral-derivative (PID) control and its variations, the
parameterized loop-shaping method, as well as the more recent linear
active disturbance rejection method. For the purpose of both
performance optimization and ensuring the fairness of the controller
comparison and selection, the parameters of each controller are
optimized in the comparison study using genetic algorithm (GA). The
proposed optimization method is demonstrated in a motion control
design case study, where the results convincingly show that the
controller, based on the active disturbance rejection concept, is clearly
superior to others.

Index terms-- Motion Control, PID, Leadlag Compensator,
Feedforward, Loop shaping, Active Disturbance Rejection, Cost
Function, Genetic Algorithm, Optimization.

1. INTRODUCTION

Motion control applications can be found in almost every
sector of industry, from factory automation and robotics to
high-tech computer hard-disk drives. They are used to
regulate mechanical motions in terms of position, velocity,
and acceleration, and/or to coordinate the motions of multiple
axes or machine parts. Productivity and efficiency drive the
advance of motion control technology. Significant advances
have been made in the last several decades in digital control
hardware, such as programmable logic controllers (PLC),
microcontrollers, and digital signal processors (DSP), and
more recently, in field programmable gate arrays (FPGA). It
is anticipated that these advances will continue into the
foreseeable future at a rapid rate. Such hardware advances
present enormous opportunities for control researchers in
investigating and implementing new control strategies that
would have been otherwise impossible. The issue is made
even more pressing by the present state of technology.
Similar to other industrial control applications, the
proportional-integral-derivative (PID) control is still the
method of choice in most motion applications [1-5]. PID is
simple to use and easy to understand. Over the years,
practicing engineers have developed various variations of
PID and tuning methods for better performance and the ease
of application. But this method is still largely trial and error
and its performance is severely limited by its simple structure,
particular in motion control.

Industrial automation provides the unending need of high
performance motion control systems. A typical
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cell may employ over a hundred feedback control loops. To
make them faster, more accurate, and more tolerant of
process uncertainties and disturbances are great challenges
control engineers face on a daily basis. In addition to PID,
there are of course many other control design methods that
can be used in the context of motion control, including the
pole-placement and loop-shaping methods found in most
textbooks, and the more recent active disturbance rejection
control (ADRC) [6,7]. Carefully designed and implemented,
each can provide a workable solution in many applications,
but the question remains: how does one go about selecting the
best controller for a particular problem? In addition, how
does one systematically select the best parameter setting for a
controller? More importantly, before the above questions can
be answered, what constitutes a “good” motion control
system? Does it include high performance trajectory tracking,
good disturbance rejection, robustness, keeping control signal
smooth, and minimizing the wear and tear of actuators? If so,
can they be captured in a cost function, which allows us to
bring the powerful set of tools in optimization to bear? These
are the questions to be addressed in this paper.

Using a class of motion control problems as the starting
point, this paper demonstrates how the controller and
parameter selections can be generalized as an optimization
problem and solved using genetic algorithm (GA). A cost
function that comprehensively represents the design
considerations is first proposed. GA, an optimization
algorithm developed based on the nature of evolution, fits
well within the scope of motion control design. This is
because in the settings of industrial motion control, the
dynamics of the plant is generally nonlinear, time-varying
and, to a large extent, unknown. Typically, control systems in
industry operate in an environment that is full of noise and
disturbances. Any meaningful optimization of control
systems must take these issues into consideration and GA
seems to fit the bill quite well.

GA is modeled from a biological process, rather than a
physical one, such as simulated annealing. It is an adaptive
method widely used in solving search and optimization
problems and is evidenced as one of the effective alternative
in operation research [8]. Some researchers have applied GA-
based optimization to motion control design with limited
success [9-10]. In particular, a robust 2 degree-of-freedom
compensator for the motion control design using GA was
presented in [9], but it merely considered the integral of the
absolute error in the output response as the fitness, without
considering disturbance rejection, the control signal and its
smoothness. An auto-tuning method for the design of multi-
loop PI controllers based on GA was presented in [10], but
again, only the tracking performance was considered. In
addition, the choices in control law selection were not fully
explored, as both paper evaluated only one control method. In
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this paper, the design considerations, including trajectory
tracking, keeping control signal smooth, and limiting the peak
value of control signal etc., are captured in a single cost
function. Furthermore the cost function is minimized with
respect to not only the parameter settings of a controller, as
seen in previous research, but also the choices in control law
itself.

This paper is organized as follows. Section II formulates
the problem including the mathematical model, brief
description of various control techniques, and proposed cost
function. Section III addresses control law selection and
parameter optimization. Simulation results with comparison
are shown in Section IV. Finally, some concluding remarks
are given in Section V.

2. PROBLEM FORMULATION

In this section, a class of motion control problems and the
available control design methods, applicable in this study, are
briefly described. A novel cost function is proposed and the
optimization problem is formulated.

2.1 A Class of Motion Control Problems

In a typical application using motor as the power source,
the equation of motion can be described as:

( , , , )y f t y y w bu   (1)

where y is position, u is the motor current, b is the torque
constant divided by inertia or mass, and w represents the
external disturbance such as vibrations and torque
disturbances. The friction, the effect of inertia change and
various other nonlinearities in a motion system are all
represented by the function ( )f , which is mostly unknown
and time-varying function. In most motion control literature,
the linear time-invariant approximation is used:

t t

a by y u
J J

   (2)

where tJ is the total inertia of the motor and load, and b is
the viscous friction coefficient. This linear approximation
allows the use of the transfer function

( )
( )t

b
G s

s J s a



(3)

This problem as described in (1)-(3) is important because it
represents almost all motion applications found in
manufacturing industry. As will be seen in the later sections,
some control design methods presuppose simple, known,
plants in (3) while some can deal with the largely unknown
plants in (1). Therefore, finding a suitable solution for each
type of control problems is of great interest in practice.

Motion Profiling
An interesting characteristic of motion control is the use of

motion profile. Using position control as an example, it is
not good enough to just rotate an axis by the desired amount,
say one revolution. How it gets there is also relevant. The
velocity, acceleration and jerk (differentiation of the
acceleration) all play important roles in a motion application
and their desired trajectories are known as motion profiles.
The motion profile is used as the command input in the
closed-loop control, as opposed to the step command.

In this paper, a profile generator is used to produce a
position profile, 1 ( )v t , and the velocity profile 2 ( )v t from the
desired set-point of one revolution. For simplicity, the
industry standard trapezoid velocity profile, shown in Figure1,
is used.
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Fig. 1. Position and velocity profiles.

Advanced Motion Control Design Objectives
The necessary improvements of the current motion control

techniques are listed below:
●  High performance in terms of forcing the motion variables     

such as position and velocity to track the desired trajectory
quickly and accurately;

● Smoother control signal and lower level of wear and tear of 
actuators;

● High degree of robustness: making the motion control     
system highly tolerant of dynamic variations such as inertia
and friction changes;

● Better external disturbance rejection capability such as          
torque disturbance rejection;

● Simplification of controller design and tuning for the users.

2.2 Motion Control Design Options

Theoretically, there are many candidates for the motion
control design problem described in (1) to (3). For the sake of
practicality, three design methods are considered in this
section: the empirical PID and its variations, the model-based
loop-shaping method, and the largely model independent
linear active disturbance rejection (LADRC) method. In
order to evaluate these methods objectively based on practical
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design considerations, a novel cost function is proposed and
shown in the next section.

PID and Its Variations
The PID controller is the most commonly used method in

industry. It does not rely on the accurate mathematical model
of (3). It is given as

( ) ( ) ( ) ( )P I Du t K e t K e t dt K e t    (4)

Its transfer function is:

2( )( ) D P I
c

K s K s K
G s

s
 

 (5)

PID is widely used in practice because it can be easily
understood and tuned. However, the very simplicity that
makes it popular is also the cause that limits its performance
and stability margins. The understanding of the nature of PID
led to some variations, as shown below.

PID Control with Leadlag Compensation
This modification is intended to improve the transient

response and the stability margin of the closed-loop system.
The transfer function of the PID control with single stage
leadlag compensation is:

2
0

0

/ 1
( )

/ 1
Dll Pll Ill

c

K s K s K s z
G s

s s p
    

    
(6)

Compared to the original PID in (5), the additional term in (6)
provides the means to change the frequency response of the
open loop transfer function. By manipulating the zero and
pole location of the leadlag compensator as well as the PID
gains, the disturbance rejection, the overshoot, and the gain
and phase margin can be changed to meet the design
requirements. Note that this design method is still somewhat
ad hoc and the amount of change in performance and stability
margins is quite limited. To achieve further improvement,
engineers also resort to the feedforward approach, as shown
next.

PID with Velocity Feedforward Control
Velocity feedforward control is a common motion control

strategy in industry. It is adopted to improve the system
tracking performance and simplify design as well as tuning.
Figure 2 shows the block diagram of the velocity feedforward
control. Its transfer function is:

2 1 2( ) ( ) ( ) ( )c c c cG s G s s G s G s  (7)

where

2

1

( )
( ) Dpos Ppos Ipos

c

K s K s K
G s

s

 


and
2

2

( )
( ) Dvel Pvel Ivel

c

K s K s K
G s

s
 



respectively. This method takes advantage of the additional
information available, which, in this case, is the
differentiation of the setpoint, spy . This cascade loop design
enables the higher bandwidth inner velocity loop for better
disturbance rejection and simplification of the design
procedure by breaking it into smaller, easily manageable
pieces. But the nature of the method is still trial and error.

spy e u y

spy

1cG 2cG pG

/d dt

Fig. 2. PID with velocity feedforward control.

Parameterized Loop-Shaping Control
Assuming the linear approximation of the motion control

plant in (3), a more systematic approach becomes feasible in
dealing with various aspects of the design requirements, such
as disturbance rejection, noise tolerance, and robust stability.
Loop shaping is one such method, also known as frequency
response based control design method. It is a method that
comprehensively addresses multiple design concerns, such as
transient response, disturbance rejection, stability margins,
and noises. Loop shaping as a concept and design tool helps
the practicing engineers greatly in improving the loop
performance and stability margins. Unfortunately,
manipulating loop-gain frequency responses and managing
competing performance measures can be tedious and, in some
cases, frustrating. A computer algorithm to automate this
process was proposed in [11-14], which not only replaces the
manual design but also leads to a self-tuning controller design
and implementation. A parameterized loop-shaping design is
proposed in [6] to further reduce the tuning complexity,
which is briefly described below.

Consider the desired loop-gain frequency response in
Figure 3, its transfer function can be characterized as:

1

2

1 1
( ) ( ) ( ) ( )

1 ( 1)

m
p c

n

c

s
L s G s G s s ss



 


 

 
(8)

where c is the bandwidth, and

1 2, , 0, 0c c m and n       (9)
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are selected to meet constraints shown in Figure 3. Both
m and n are integers. Once the appropriate loop gain
constraints are derived and the corresponding lowest order

( )L s in (8) is selected, the controller can be determined from

11

2

1 1( ) ( ) ( )
1 ( 1)

m
c p

n

c

sG s G s
s ss



 


 

(10)

Note that the design is valid only if the plant is minimum-
phase, as assumed. Furthermore, n should be selected such
that ( )cG s is proper.

20 /dB Dec

2c1

( ) ( )P cG j G j 

0

dB

Fig. 3. Loop-shaping.

The downside of loop shaping is its reliance on the
mathematical model of the plant. Can a high performance
controller be obtained without such a model? An example is
shown in the following.

Linear Active Disturbance Rejection Control
LADRC offers a new and inherently robust controller

building block that requires very little information of the
plant. Based on the extended state observer (ESO), this
control algorithm actively estimates and compensates for, in
real time, the effects of the unknown dynamics and
disturbances, forcing an otherwise unknown plant to behave
like a nominal one. Such strategy leads to the ditching of the
prevailing model requirement in the current design. That is,
instead of depending on the model of the plant, the controller
draws the information needed to control the plant from the
ESO. This is achieved by using an ESO to estimate y , yas
well as ( )f and then reduce (1) to a double integral plant.
More details of this novel control concept and associated
algorithms can be found in [6-7, 15-17]. The idea of LADRC
is briefly given below.

The parameterized linear extended state observer (LESO)
for (1) is [6]


ˆ( ) ( ) ( ) ( ( ) ( ))

ˆ ( )
z t Az t Bu t L y t y t

y t Cz t

   
 


(11)

with

  2
0

3

30 1 0 0
0 0 1 , , 1 0 0 , 3
0 0 0 0

o

o

o

A B b C L







    
           

         

where 0b is an approximate value of b ; o is the bandwidth
of the observer; 1 2,z z , and 3z are the estimates of ,y y, and
f respectively. The control law is

1 2 3

0

( )p dk r z k z z
u

b

     (12)

where r is the setpoint. Here the gains can be selected as

22 ,d c p ck k   (13)

where c is the bandwidth of the controller and  is the
damping ratio of the desired closed loop. Clearly the
LADRC has two tuning parameters: o and c . The stability
proof of LADRC is given in [6,17]. Practical applications
have shown that this strategy is especially effective for
nonlinear, time-varying, and uncertain plants, precisely as
those found in industrial motion control.

2.3 The Cost Function and the Optimization Problem

For motion control, the main objectives include improving
trajectory tracking performance, good disturbance rejection
as well as robustness, and keeping control signal small and
smooth to minimize the wear and tear of actuators. To this
end, a new cost function, which comprehensively represents
the above design considerations, is proposed. A “good”
motion control solution can be found by minimizing the cost
function. This brings us a useful tool to select the best
controller and its parameter setting. This new cost function is
defined as follows:

max max max
1 2 3 4 5 6

1 2 3 4 5 6
c

e u uISE ISU ISUJ w w w w w w
n n n n n n

     


(14)
with

2

0

2

0

2

0

( ) ,

( ) ,

( ) .

t

t

t

ISE e d

ISU u d

ISU u d

 

 

 










 

where ni, i=1,2, …, 6 are normalizing factors, and wi,
i=1,2, …, 6, are the weights. The higher the weight, the more
important the corresponding cost function element becomes.
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They are selected by users according to their demands on
each element. Moreover, there are design constraints for a
motion system as follows:

(1) The tracking error ( )e t has a given upper limit of 1k , i.e.,

1( )e t k (15)

(2) The motor current ( )u t has a given upper limit of 2k , i.e.,

2( )u t k (16)

(3) The rate of the change of the current ( )u t is limited by the
given supply voltage 3k , i.e.,

3( )u t k (17)

(4) To reduce the wear and tear of the motor and prolong its
life span, it is also desired that ( )u t is “smooth” with

2
40

( )
t
u d k  (18)

where 4k is a given constant.

The combined problem of selecting the best controller and
finding appropriate controller parameters to minimize cJ
with the constraints is an optimization problem. The
parameter selection part can be expressed as min c

C
J

c
subject

to the design constraints (15)-(18). Here icc are the
settings of tuning parameters for each control algorithm, and

 min max, i i iC c c c  c is the searching space of the tuning
parameters for each control algorithm.

3. CONTROL LAW SELECTION AND PARAMETER
OPTIMIZATION

The cost function (14) is highly nonlinear and
discontinuous. Conventionally these control parameters were
tuned manually or iteratively optimized [18]. Of course,
manual tuning could be very time-consuming and sometimes
frustrating. Iterative search is prone to entering local
optimum, as shown in [18]. The parameter space C is
essentially an uncountable set. It is impossible to exhaust the
entire solution space to find the global optimal solution.
Trade-off between the quality of solution and computational
power must be made. GA renders us a decent method for
solving this problem. In this section, we briefly describe how
GA searches the optimal settings of tuning parameters for
each controller and thus minimize the cost function.

GA is a direct search algorithm, which borrows the idea
and the developing mechanism from genetic evolution and

natural selection. It begins by randomly creating its
population. Each individual of the population represents a
search point in the space of potential solutions of the given
optimization problem. Candidate solutions are combined by a
crossover operator to produce offspring, which expands the
current population of solutions. Thus the individuals in the
population are evaluated via the fitness function. Meanwhile
a mutation operator is performed at a certain probability level
to increase variation in the search space. By favoring the
mating of the more fit individuals, the more promising areas
of the search space are explored. The process of evaluation,
selection, crossover and mutation is repeated until a
predetermined number of generations are reached or a
satisfied solution has been found. The following sections
describe each of the components of the GA method.

3.1 Initialization

For the controller parameters, we selected their lower and
upper bound VLB and VUB as in Table.1 for different
control algorithms. The initial populations of candidate
solutions are generated randomly. Before the GA-based
algorithm can be executed, a suitable encoding is necessary,
which means that each possible solution in the search space
can be encoded into a unique individual of binary numbers.
In this study, the candidate solutions of the tuning parameters
and the outputs of the tuning parameters are represented by
binary values with different bits according to their ranges.

The population size and generation size are chosen
differently for different control algorithms. They are shown
in Table 1. If the corresponding output value of each
parameter does not meet the requirement of constraints, the
individual is discarded immediately after it is generated.

3.2 Evaluation

A fitness function must be devised for each problem to be
solved as it provides the criterion for evaluating the
achievement of the problem-specific objective. This
procedure calculates the fitness values for all members of the
population. Because our objective is to minimize the cost of

cJ in (14), we define the fitness function F as follows:

( )i cF X J


(19)

where iX represents the ith individual in the population. The
larger the fitness value is, the better the individual fits.

Therefore, the optimization task is to search the individual,
which maximizes the fitness function )( iXF .

3.3 Reproduction

The selection, crossover and mutation operation are the
reproductive phase of GA. During this phase, individuals are
selected according to their fitness value, and recombined to
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make up the new population of individuals. The selection
uses the roulette wheel method. Those individuals, which
have higher fitness value, have the higher opportunity to
reproduce. Each new individual inherits some parts from
either of the former individuals.

The purpose of selection is to provide more reproductive
chances, on the whole, to those individuals better fit. The
reproduction of an individual is based on its percentage
probability that is calculated through dividing its fitness value
by the total population fitness.

)( iXP = )( iXF /
1

( )
N

j
j

F X




(20)

where )( iXP and )( iXF represent the selection probability
and fitness function value of the ith individual in the
population, and N is the population size. From this
probabilistic selection operator, we notice that the individuals
with a higher fitness value have a higher probability of
contributing one or more offspring in the following
generation.

The purpose of crossover consists in the combination of
useful individual segments from different individuals to form
new and better performing offspring. In this paper, one point
crossover technique is used. A crossover point

 1,...,2,1  nk is generated randomly. Two parent

individuals are cut from the crossover point to produce two
"head" segments and two "tail" segments. The tail segments
are swapped over to produce two new full individuals. This
operator decides randomly whether each bit in the parent
individuals is to be exchanged or not. Therefore it causes a
strong mixing effect which is helpful to overcome the local
optima.

Another method to avoid the local optimum is the
mutation operation. Mutation randomly alters each gene in
the individual with a small probability. A typical mutation is
shown as below:

mutation point 
original offspring: 0100111110110
mutated offspring: 0100110110110.

By encoding, each point in the search space can be
represented by a unique individual of binary numbers. Each
gene in the individual shares the probability of being 0 or 1
by mutation. Therefore mutation helps insure that no point in
the search space has a zero probability of being explored. A
small mutation probability of 0.03 is used in this study. Note
that if the mutation probability is too large, the process will
lose its characteristics of inheritance and will become a pure
random optimization process.

Table 1: Cost Function Value Comparison for Five Control Algorithms

Algorithms

Performance
PID control

PID with
leadlag

compensation

PID with velocity
feedforward control

Parameterized
loop-shaping

control
LADRC

cminJ 5.3655 5.1287 4.8891 4.3592 2.7146

caveJ 5.3764 5.1737 4.9577 4.3648 2.7160

Stdev 0.011238 0.030697 0.091922 0.004909 0.002014
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4. A MOTION CONTROL CASE STUDY

In this study, the parameters in (3) are:
3, 206, and 1.ta b J   To test the efficiency of the

control design, a square wave torque disturbance with the
amplitude of 10% max torque is added at t=0.5s; a square
wave control signal disturbance with the amplitude of 1 is
added at t=1.5s; 0.5% measurement white noise is introduced;
and a resonant mode at 50Hz is added to the plant. The
bounds of the design constraints in (15)-(18) are:

1 20.24 and 8k k  ; there are no specific limits for 3k and

4k in this motion system. The normalizing factors 1 3andn n
in (14) are selected as the bounds of the design constraints:

1 1 0.24n k  and 3 2 8n k  . The other normalizing factors

2 4 5 6, , , andn n n n in (14) are derived from a well-tuned PID
controller used as a benchmark: 2 0.0127,n 

4 5 69.1632, 3.3934 3, and 8.4513 5.n n e n e     The
weights in (14) are selected such that each constituent in the
cost function has the same priority:

1 2 3 4 5 6 1w w w w w w      .
Using GA to search the tuning parameters for each control

algorithm, Table 1 shows the simulation results over 30 runs,
where mincJ is the minimum value of cJ , caveJ is the average
value of cJ , Stdev is the standard deviation of cJ , and the
best parameters are the parameter settings that generate the
minimum values of cJ for each controller. The small
standard deviations over 30 runs for each control method
demonstrate the robustness of the GA. It is observed that: the
cost function value of the worst case, PID control, is 1.98
times larger than that of LADRC. It shows that LADRC is
much better than other control methods. It is not surprising
because LADRC actively compensate for the unknown
dynamics and disturbances. Figure 4 shows the system
performance of PID control. Figure 5 shows the system
performance of LADRC. It is immediately obvious that
LADRC achieves much more satisfactory performance
compared to other control techniques.
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Fig. 4. The system performance of PID control.
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Fig. 5. The system performance of LADRC.

Together with Table 1, the case study indicates that
LADRC is by far the best motion controller in terms of both
the performance and the ease of design and tuning. It not only
attains the lowest cost function values but also requires much
less modeling information compared to the next best method,
the loop shaping method. Given the plant in (1), LADRC
only needs the approximate range of b, while the loop
shaping method requires the transfer function model of the
linear approximation of the plant. The limited performance of
various PID controllers is as expected. The result here
verifies why the cascaded control with velocity feedforward
compensation is a favorite motion control strategy in practice.
Among the PID solutions, it offers the best tracking
performance. The PID control with leadlag compensator
increases the stability margins of the control system but little
else.

5. CONCLUSION

Efficient determination of the most suitable controller and
its parameter setting for motion control is a very constructive
work. In this paper, a conventional PID controller as well as
its variations, and two alternative control algorithms are
applied to address a class of motion control problems. A
novel cost function is proposed and the research is formulated
as an optimization problem. GA is employed to facilitate the
search of global minimum and determine the optimal tuning
parameters for each control technique. Simulation shows the
robustness and effectiveness of the GA based tuning method.
Five different control techniques are investigated and
evaluated to show their respective advantages. Finally, the
results in this paper go a long way in answering the important
question of “what is the best control law for a given problem”.
For the case studied in this paper, the answer is clearly
LADRC.
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