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Ordinal Regression as Multiclass Classification

Fen XIA, Liang ZHOU, Yanwu YANG, and Wensheng ZHANG

Abstract— Recently, an interesting framework was proposed
to reduce the ordinal regression to the binary classification [1].
It made two independent assumptions: target functions are rank-
monotonic; or rows of loss matrix are convex. Both of the two
assumptions impose some restrictions on its application, because
they may not be reliable in practice. This paper presents a novel
reduction framework free of such restrictions, in this sense, which
is more efficient and versatile in real world applications. Exper-
iments on several datasets empirically validate its effectiveness.
The contribution of our work is that it proves the fact that
the ordinal regression is equivalent to the regular multiclass
classification whose distribution is changed.

Index Terms— Ordinal Regression, Ranking, Multiclass Clas-
sification, Cost-Sensitive.

I. INTRODUCTION

RDINAL regression is a supervised learning problem of
O predicting categories of ordinal scale. Training samples
are labeled by a set of ranks, which exhibit an ordering
among different categories. Ordinal regression lies somewhere
between classification and regression. In contrast to classifica-
tion, there is an ordinal relationship among categories. It also
differs from regression in that the number of ranks is finite and
the exact amount of differences among ranks is not defined.

Applications of the ordinal regression frequently occur
in domains where human-generated data plays an important
role. Examples of these domains include information retrieval,
collaborative filtering, medicine, and psychology. For instance,
in collaborative filtering, the Netflix Prize up to $1,000,000
aims to substantially improve the accuracy of predictions about
how much someone is going to love a movie based on their
movie preferences'. When people assess objects of interest in
a specific domain (e.g., in terms of their correctness, quality,
or any other characteristics), they often resort to subjective
evaluation and rating information that is typically imprecise.
Besides, rating results or scores given by different people are
usually not comparable. In practice, ordinal labels typically
correspond to linguistic terms such as “bad”, “good”, and
“very good”.
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Many approaches have been developed in machine learning
literature to deal with the ordinal regression. One simple
idea is to convert ordinal regressions to regular regression
problems. For instance, Kramer et.al [2] investigated the use
of a regression tree learner by mapping rating results to real
values. However, an appropriate mapping is often difficult to
construct, since the true, underlying metrics among ordinal
scales are unknown for most of tasks. As a result, these
regression algorithms are more sensitive to the representation
of ranks rather than to ordinal relationships. Another idea is
to convert ordinal regressions to a set of binary classification
problems. In these approaches, results of these nested binary
classifications are combined to produce rating predictions.
For example, Frank and Hall [3] investigated the use of
a classification tree learner to handle binary classification
problems while Waegeman and Boullart [4] went into the
case of Support Vector Machine (SVM). It is also possible to
formulate ordinal regressions as preference judgment learning
problems. Cohen et.al [5] considered these general ranking
problems and presented a complexity gap between the classi-
fication and the ranking. Freund et.al [6] provided a formal
framework and an efficient boosting algorithm for general
ranking problems.

State-of-the-art approaches to ordinal regression assume that
the ordinal response is a coarsely measured latent continuous
variable, and model it with intervals on the real line. Based
on this assumption, these algorithms usually seek a direction
on which samples are well projected and a set of thresholds
that divide this direction into consecutive intervals representing
ordinal categories. They are called threshold model as a whole.
Several methods have been proposed to seek the direction
and thresholds, including a large margin algorithm based on
a loss function defined on pair items of different ranks [7], a
perceptron on-line algorithm [8], two large margin principles
[9]. However, the formulation in [9] does not ensure that these
thresholds are in the same order as the ranks. Chu and Keerthi
[10] proposed two solutions to tackle this problem: the first
is to add the ordering of the thresholds as a constraint to the
original optimization problem; the second is to consider the
training samples from all ranks to determine each threshold.

Though many approaches are proposed to deal with the
ordinal regression, the learning foundation of the ordinal
regression is still more desirable. For example, what is the
relationship between the ordinal regression and other classical
learning problems such as classification and regression? In
this paper, we prove that the ordinal regression is equivalent
to the multiclass classification whose distribution is changed.
This proof is based on a reduction framework on extended
samples, which are extracted from original samples and a
given misclassification loss matrix. To guide the design of
algorithms, we also prove that the empirical risk of classifiers
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trained on multiclass classification samples is bounded by that
on the weighted extended samples. Therefore, all algorithms
and theories of the multiclass classification are immediately
applied to the ordinal regression. Experimental results on some
synthetic and benchmark datasets validate the effectiveness of
our framework.

The remainder of this paper is organized as follows. Section
2 introduces related work about the learning foundation of
the ordinal regression. The reduction framework along with
its theoretical guarantee is presented in Section 3. Then we
discuss multiclass classification algorithms, and propose one
for extended samples in Section 4. In Section 5 we show
experimental results, and conclude this paper in Section 6.

II. RELATED WORK

During the past years, several pieces of work have been de-
voted to the learning foundation of the ordinal regression. They
can be categorized into two groups: on inversion loss of pairs
and on a given loss matrix. The former formulates the ordinal
regression as a task of learning preference relations. In this
formulation, a new loss function is proposed, which measures
the 0/1 loss of classifying preference relations of randomly
drawn pairs. Based on the new loss function, the ordinal
regression is converted to an augmented binary classification
problem. The distribution of these pairs in the augmented
space is derived from the product distribution of original
samples. Therefore, the learning foundation of the ordinal
regression is equivalent to that of the binary classification in
an augmented space. Interested readers are referred to [6] and
[7] for details. The latter formulates the ordinal regression
as a special multiclass classification problem, where the loss
of predicting an example of class y as class k is based on
a pre-defined loss matrix instead of the commonly used 0/1
loss. We prefer the latter as it truly reflects the nature of the
ordinal regression . Moreover, the difference and relationship
between the ordinal regression and the classification are clear
in the latter.

Li and Lin [1] presented a reduction framework from the or-
dinal regression to the binary classification based on extended
samples. In their framework, ordinal regression problems are
converted to weighted binary classification problems, which
assumes either rank functions f are rank-monotonic or rows
of loss matrix are convex. The former requires that predicted
values of ranks must be in the same order as true ranks, i.e.,
fx,1) > f(x,2) > -+ > f(x,K — 1) for each x with
a K rank problem. The latter implies that the speed of loss
increasing is not slower than that of the deviation of predicted
ranks from true ranks. Actually, the former determines the
function space of the approximator, thereby characterizing the
range of datasets that can be applied to it. The latter restricts
users’ behaviors on the loss matrix. Unfortunately, in some
datasets, these assumptions are not realistically reliable. For
instance, Kosmelj and Vadnal [11] presented a case where
the rank-monotonic function assumption cannot be met. In
this paper, we present a novel reduction framework from
the ordinal regression to the multiclass classification free of
such assumptions. The advantage of eliminating assumptions
is illustrated in our experiments.

III. THE REDUCTION FRAMEWORK

In this section, we give a formal definition of the ordinal
regression. Then we introduce our reduction framework and its
theoretical guarantee. Finally, the principle to guide the design
of algorithms is given based on empirical risk bounds.

A. Definition of Ordinal Regression

The ordinal regression is similar to the multiclass classifica-
tion, except for ordinal labels. The ordinal information can be
interpreted as this way: the misclassification loss depends on
the deviation degree of the prediction. For example, classifying
an infant as an adult should loss more than as a child. If we
encode the ordinal information in a loss matrix, the ordinal
regression can be formulated in the same way as the multiclass
classification. Consider basic assumptions made in supervised
machine learning [12], the ordinal regression can be defined
as follows.

Definition 1: Given an independently identically distributed
(i.i.d) samples S = {(xi,y:)}_; ~ Pky where Pk, =
Hi‘,=1 Pxy, and a set ‘H of mapping h from X to Y where
X is the input vector space and Y = {1,2,..., K} is set of
ranks, an ordinal regression learning is to select one mapping
h such that the risk functional R(h) is minimized. The risk
functional R(h) is defined as

R(h) EPXY y,h(x) — / Zly h(x) le)] ( )dxa (1)

where [ is a K x K loss matrix with [, j, representing the cost
of predicting an example (x,y) as rank k.

Naturally we assume I, , = 0 and [, > 0 for & # y.
Moreover, in order to reflect the ordinal information, each row
of [ must be V-shaped. That is, {, r—1,> I, if £ < y and
Ly <lyrs1 if k2> y.

If the loss matrix is with entries [, , = 1 for y # k and
lyy = 0, Definition 1 is actually a multiclass classification
formulation. Therefore, the difference between the ordinal
regression and the multiclass classification is equivalent to that
between their loss matrixes.

B. Reducing Ordinal Regression to Multiclass Classification

Assume that h(x) is a rank classifier and the most loss due
to a misclassification on an example (X, y) iS Iy maz. Then the
loss of the rank classifier h(x) on the example (x,y) is

Zlyz le x) # i)
= Zlyt Zlﬂ
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where I(z) is the step function, with value 1 if the inner
condition is true, 0 otherwise.

Extended samples (x(*), y(*)) with weights w, j are defined
as

X(k) =X, y(k) = ka Wy | = (ly,ma:v - Z’q,k) (3)
Substituting (3) into (2) yields
Lynx) = Zwy,kf N#EY —fy) @

where f(y) =3 pca, kg Wyk

Equation (4) shows that the loss of h(x) on the example
(x,y) equals to a weighted 0/1 loss of h(x) on extended
samples minus a variable irrelevant to h(x). Equation (4)
also provides a way to transform the loss to weights of these
samples. The weights can be used to modify Pxy to produce a
new distribution on (X, Y"). In this way, the ordinal regression
can be reduced to the multiclass classification. We formulate
this as a theorem.

Theorem 2: Given an unknown probability distribution
Pxy on (XA,Y), and a K x K loss matrix, there exists a
distribution P on the same space (X, Y), such that the solution
to the ordinal regression on distribution P is equivalent to the
solution to the multiclass classification on distribution P.

Proof: Substituting (4) into (1) yields

K K
R(h) = / 32 wy I (h(x®) £ )

y=1 k=1

— f(y))P(y|x)]p(x)dx

K K

- / 323 wy (b)) # y)) Plylx)p(x)dx
y—l k=1

P(y[x)]p(x)dx. (5)

Using (3), reformulate (5) as

K K
- / S wy .k PyIx)I(h(x) # k)]p(x)d

k=1 y=1

yeh

:CQ/ZI

)P(K[x)]p(x)dx — C1  (6)

where 01 = JIZK fy IPylp)dx. Co =
fg x)dx, g(x) = Zk 12 1wykP(y|x) and
<k:|x> —zi; wy k P(yx)/9(x), plz) = g(x)p(x)/C> are

probability distributions.

__Equivalently, we can define a distribution P(x, k) =
P(k|x) x p(x) that generates (x, k) from P(x,y) and the loss

matrix . The multiclass classification problem on distribution

P(x k) is to minimize
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R(h) = Ep, b

/Zf

Combining (6) and (7) results in

)P (k[x)]pl(x)dx @)

R(h) = C2R(h) - Cy (8)
It is obvious that Cy > 0. Thus minimizing R(iAz) minimizes
R(h) as well. [ |

Theorem 2 shows that, the methods solving an ordinal re-
gression problem with an unknown probability distribution and
a loss matrix can also be applied to a multiclass classification
problem whose distribution is generated from the two features
of the former.

It is easy to verify that, if the loss matrix is the multiclass
classification loss matrix (I, = 1 for y # k and [, =
0), then C3 = 1, C1 = 0, P(k[x) = P(k[x), p(x) = p(x)
and R(h) = R(h). The multiclass classification problem is
unchanged.

C. Empirical Risk Bounds

By (3), we transform a training sample set S = {(xi,v:)}
to an extended training set S = {( X; ,yl(k))}. If the number
of original training samples is L, the extended training set
contains at most K x N samples with the exact number
depending on how many wj; ;s are positive. Each element
is a possible outcome from distribution P(x k) constructed
in Theorem 2. However, not all elements are independent.
Thus the whole extended set cannot directly be used as i.1.d
outcomes from P (x, k). To get such outcomes, we choose an
independent k; from P(k[x) for each (x;,y;) and produce a
subset T = {(x;, ki)/}\f;zl, which is a subset of S do contain
i.i.d outcomes from P(x, k).

The empirical risk on subset 7" is bounded by that on
weighted extended training set S. This fact can guide the
design of algorlthms m our framework.

Theorem 3: Let b ) be 0 if a classifier correctly predicts
a sample (x Z(-k),yl(k)), and 1 otherwise. Let b; be a Boolean
random variable introduced by applying the classifier to a
random sample (x;, k;) extracted from (x;,y;) according to
P(k;|x;). For each sample (x;,y;) in the original training
set S = {(xi,y;)}, we assume that the posterior probability
P(Y = y;|x;) = 1. When each b; is chosen independently,
with probability at least 1 — § over this choice,

log— ) ©)

NZbl_NZ Zw% b(k)+0(\ﬁ

— y‘kl

where ¢,, = Zk:l Wy, k-
Proof: For each sample (x;,y;) in the original training
set, since the posterior probability P(yi|xi) =1, we have

Zwy kP y\xz /Zzwy kP U|X,

k=1y=1

P(k;|x;)

= wyi1k/cyi
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Thus the random variable b; has mean Zle Wy, kbz(-k) /Cyss
which equals to the probability of b; = 1. Now by,--- by
are independent {0, 1}-valued random variables with Pr(b; =
1) = 3K wy, 1™ /c,,. Following the Chernoff bounds
[13], for € > O,

N
1 2
PT(N izzlbi > (1+e)u) < exp(—e“uN/3), (10)
where = 4 £y L Tyt
Let § = exp(—e?1uN/3), then
3log(1/90)
= —=L7 11
€=/ N an

Thus, it yields (9) by combining (10)and (11). [ |

Theorem 3 shows that a classifier aiming at a low weighted
loss on extended sample set § = {(xgk), yik))} approximately
aims at a low loss on subset 7' = {(x;, k;) }\_,.

IV. ALGORITHMS BASED ON THE FRAMEWORK

As proved in the previous section, the empirical risk of
extended training set S bounds that of its subset 7'. Thus the
rank classifier can be obtained by minimizing the empirical
risk of extended set .S. Usually a regularization term is added
to expect a low generalization loss on unseen samples.

There are three basic approaches in the literature to solve
multiclass classification problems. The first is the one-versus-
one or pairwise-decomposition approach that assumes the
existence of a separator between any two classes. The second
one is the one-versus-all-decomposition approach that assumes
that for each class there exists a single separator between that
class and all the other classes. The last one is the winner-take-
all approach that assumes that each class is associated with a
score function and all score functions are jointly trained on the
training data set simultaneously. For instance, when the score
functions are linear, they are called “linear machine” [14].

There are many inconsistent samples with different weights
in the extended set. Any algorithms on the extended set
should take this fact into account. Thus, the one-versus-one
approach and one-versus-all approach cannot be applied to the
extended set due to its separation assumption. The winner-
take-all approach takes all samples into consideration and
allows the instance weights as a whole for optimization, which
is very suitable for the extended data set.

This paper presents such a winner-take-all algorithm for
the extended data set. It is based on an existing algorithm
named LogitBoost, which minimizes the negative binomial
log-likelihood. LogitBoost uses a weight trimming trick to
reduce computational cost, often by factors of 10 to 50.
When compared to other proposed multiclass boosting algo-
rithms, LogitBoost exhibits performance comparable in most
situations, and far superior in some [15]. Another attractive
property of LogitBoost is that, during training, LogitBoost
adds more and more weights on training samples that are
estimated to be close to the boundary. While, other multiclass
boosting, for instance Multiclass AdaBoost [16], gives more

weights to currently misclassified training samples, especially
those far from the boundary. Since the extended set contains
many inconsistent samples, misclassified training samples
exist everywhere. This fact suggests the algorithm should
consider more about the decision bound than misclassified
training samples. Therefore, LogitBoost is proposed on the
extended set. A minor modification of LogitBoost is made to
allow weights of instances. The modified LogitBoost is named
as Weighted LogitBoost, whose detailed description is given
in Algorithm 1.

Algorithm 1 Weighted LogitBoost (J classes)

1. Input the extended set S = {(x, k)}Y, with
sample weight set V = {v;}}¥ .
2. Start with weights w;; =1/N,i=1,...,N,
j=1,...,J, Fj(z) =0 and p;(x) =1/J Vj.
3. Repeat for m =1,2,..., M:
(a). Repeat for j =1,... J:
i. Computer working responses and weight
in the jth class

o yi;—pi(Ti)
W pi(mi)(1—p; (i)
wij = pj(wi)(1 —p;(z:))

ii. Fit function f,,;(x) by a weighted
least-squares regression of z;; to x; with
weight w;; * v;.

(b). Set fmj(x) — %(fmj(m) -
and Fj(z) < Fj(z) + fm;(z)
(c). Update p;(z) via p;(z) = %

4. Output the classifier argmaijj(;)

LS (@),

V. EXPERIMENTS AND DISCUSSIONS

We make some experiments on a synthetic dataset to
validate the effectiveness of our reduction framework. Then
the performance of algorithms based on our framework is
compared against the best existing results reported in [1]
on eight benchmark datasets for the ordinal regression. The
absolute loss matrix is used throughout the experiments for
fair comparisons. That is a matrix with entries defined by
Ly = ly — kI

A. Synthetic Dataset

The synthetic dataset is generated in the following steps:
Firstly, random points are generated according to the uniform
distribution on the cubic area [0, 1] x [0, 1] x [0, 1]. Then each
point is assigned with one rank chosen from set {1,2,3,4}
using the following rules:

If 1 < 0.5 and x5 < 0.5, the rank is 1;

If 1 < 0.5 and x5 > 0.5, the rank is 2.

If 1 > 0.5 and x5 > 0.5, the rank is 3.

If 1 > 0.5 and z5 < 0.5, the rank is 4.

Finally, each point is rotated by an angle —7 about x-axis
and later by an angle arcsin % about y-axis. This rotation
can be written in term of a rotation matrix:
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We randomly generate 400 training samples to visualize the
distribution of the dataset. Figure 1(a) shows the dataset in the
rotated 3-dimensional space and Figure 1(b) shows the dataset
in the = — y plan before rotating.

Fig. 1. The sample distribution in different feature space. (a) rotated 3-
dimensional space; (b) x — y plan before rotating.

In the reduction framework introduced in [1], the ordinal
regression is converted to a weighted binary classification
when rank functions are rank-monotonic or rows of loss
matrix are convex. Since the loss matrix is user-related, we
focus on the assumption of rank functions. As they proposed,
one popular approach to obtain such rank functions is the
threshold model. We thus take a Support Vector Ordinal
Regression with IMplicit Constraints (SVOR-IMC) algorithm
as a representative for algorithms of their framework [10]. To
our best knowledge, SVOR-IMC is one of the best threshold
model algorithms, which can achieve the best performance
on some datasets. We use the Weighted LogitBoost as the
representative algorithm of our framework. Both algorithms
are implemented in the original feature space. In summary,
the linear kernel is used in the SVOR-IMC and the linear
regression is used as base learner in the Weighted LogitBoost.

We take 20 Monte-Carlo trials with 4000 training samples
and a separate test set of 1000 samples to compare the
performance of the two algorithms. The 5-fold cross validation
on the training set is used to determine optimal values of model
parameters: the regularization factor C' for the SVOR-IMC and
the number of iterations for the Weighted LogitBoost. Then
the test error is obtained using the chosen parameters for each
formulation. The search is done on a 7-grid linearly spaced
{log1, C| — 3 < log;, C < 3} for C and up to 500 iterations
for number of the iterations. The SVOR-IMC is implemented
as [10] and the Weighted LogitBoost is implemented in
R Project (http://www.r-project.org). Test results along with
the standard deviation of two algorithms are recorded in
Table I. The lowest values among the results are bold faced.
MZE refers to the Mean Zero-one Error corresponding to
the classification loss matrix, MAE the Mean Absolute Error
corresponding to the absolute loss matrix.

Table I shows that the proposed Weighted LogitBoost al-
gorithm significantly outperforms the SVOR-IMC in this syn-
thetic dataset. The SVOR-IMC performs even worse than the
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TABLE I
TEST RESULTS OF THE TWO ALGORITHMS.

Algorithm MZE MAE
SVOR-IMC 0.5054+0.013 | 0.508+0.135
Weighted-LogitBoost | 0.1431+0.007 | 0.149+0.009

half error. The reason for such large errors is the assumption of
the rank function, which restricts the space of the hypotheses.
As shown in Figure 1, any direction in the distribution of
a dataset cannot be a rank-monotonic function. Thus in this
dataset, it is problematic to reduce ordinal regression to binary
classification in the original feature space.

B. Benchmark Datasets

For a comparison purpose, we use the datasets as in [1] and
[10], i.e., eight benchmark datasets for regression problems.
The same pre-processing as in [10] is done on each dataset.
The target values are discretized into ten ordinal quantities
using the equal-frequency binning. The input vectors are
normalized to have zero mean and unit variance. Each dataset
is randomly partitioned into training/test splits as specified in
Table II.

The regression tree learner is used as a base learner in the
Weighted LogitBoost algorithm. The number of iterations is
determined by a 5-fold cross validation with maximum 500
iterations. The test error is obtained by using optimal model
parameters for each dataset, and given in Table III together
with those of [1]. These results are averaged over 20 trials.
The lowest average values among results of four algorithms
are marked with bold face. The absolute loss matrix are used
for fair comparison. SVOR-IMC-P refers to SVOR-IMC with
perceptron kernel and SVOR-IMC-G refers to SVOR-IMC
with gaussian kernel .

TABLE I
THE PARTITION OF THE DATASETS.

Dataset dimension | Training test
Pyrimidines 27 50 24
MachineCpu 6 150 59
Boston 13 300 206
Abalone 8 1000 3177
Bank 32 3000 5192
Computer 21 4000 4192
California 8 5000 15640
Census 16 6000 16748

From Table III, we can observe that the Weighted Log-
itBoost outperforms the other three algorithms on some of
the datasets, especially on “California”, which demonstrates
that the Weighted LogitBoost achieves decent out-of-sample
performances. This implies that, on some datasets, our frame-
work is more suitable than the one proposed by [1]. That is,
the rank-monotonic assumption proposed by [1] cannot work
well in several datasets. We also notice that results obtained
by the Weighted LogitBoost have a larger variance than those
of the other algorithms. This large variance might be caused
by weights of samples.
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TEST RESULTS OF WEIGHTED LOGITBOOST ALGORITHM, TOGETHER WITH THOSE OF [1].

Dataset Weighted LogitBoost | SVM-perceptron | SVOR-IMC-P | SVOR-IMC-G
Pyrimidines 1.271 £ 0.205 1.304 £0.040 | 1.315+0.039 | 1.29440.046
MachineCpu 0.800 £ 0.087 0.842+£0.022 | 0.814 +£0.019 | 0.990 + 0.026

Boston 0.816 £ 0.056 0.732+£0.013 | 0.729 £0.013 | 0.747 £ 0.011

Abalone 1.457 £ 0.014 1.383 £0.004 | 1.386 +=0.005 | 1.361 £ 0.003

Bank 1.499 £ 0.016 1.404 £0.002 | 1.404 +£0.002 | 1.393 + 0.002
Computer 0.601 £ 0.007 0.565 £ 0.002 | 0.565 £ 0.002 | 0.596 £ 0.002
California 0.882 + 0.009 0.940 £0.001 | 0.939 £0.001 | 1.008 £ 0.001

Census 1.142 £ 0.005 1.143£0.002 | 1.143+£0.002 | 1.205 £ 0.002

VI. CONCLUSION

This paper presents a reduction framework from the ordinal
regression to the multiclass classification based on extended
samples. It proves the fact that the ordinal regression is
equivalent to the regular multiclass problem whose distribution
is changed. We also show that the empirical risk of the
extended set bounds that of reduction multiclass classification
samples. Based on the bound, a boosting-style algorithm
named Weighted LogitBoost is proposed, and tailored to the
extended set. Our reduction framework is compared with the
one proposed by [1], which reduces the ordinal regression
to the binary classification. Obviously, the multiclass classi-
fication is much more common and complex than the binary
classification. Also our framework eliminates some restrictions
introduced in their framework. Thus it is more versatile
and efficient in real applications. Moreover, our framework
can deal with an arbitrary loss matrix which enables it to
solve other cost-sensitive multiclass problems. Experimental
results on eight benchmark datasets empirically verify the
effectiveness of our framework.

After many years’ accumulation of research and application
experiences, it produced a solid theoretical foundation for
some learning algorithms such as SVM and boosting, and
with proved effectiveness and satisfied performance. Different
learning algorithms might be suitable in different model spaces
accounting for different datasets. It is a promising and interest-
ing research perspective to explore various learning algorithms
in the proposed reduction framework.
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