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Abstract- In this paper, a composite approach to the adaptive 

neural network (NN) controller is proposed for a rigid link flexible 
joint (RLFJ) robot manipulator with unknown nonlinearities. Based 
on a singular perturbation formulation of robot motion dynamics, the 
RLFJ robot is described by a reduced-order flexible-joint model. The 
concept of integral manifold is used to decompose the model into fast 
and slow dynamics. A composite controller is proposed to deal with 
the uncertainties in both fast and slow subsystems and to make the 
link position of the robot follow the desired trajectory.  Two NNs are 
used to approximate two explicit nonlinear functions in two control 
components to alleviate the symbolic computational burden. By using 
Lyapunov theorem extension, the stability of the whole system has 
been proved. The simulation results are presented to show the 
effectiveness of the approach. 

 
Index Terms— Neural Networks, Flexible Joint, Composite 

Approach, Robot Control, Lyapunov Stability 
 

1. INTRODUCTION 
 
Many control strategies have been developed for the 

control of n-link robot manipulators, such as exact 
compensation of nonlinearities, robust adaptive algorithms, 
and variable structure theory [1]- [4]. These control 
methods share the common feature that the robot dynamics 
are modeled by the rigid link rigid joint (RLRJ) equations 
of motion. Unfortunately, experimental evidence indicates 
that the assumption of perfect rigidity is never satisfied 
exactly in the real world.  The joint flexibility should be 
taken into account in both modeling and control [5]. From 
the modeling point of view, a flexible-joint manipulator 
can be treated as rigid-links interconnected by elastic joints 
[6]. Normally the joints of robots are made of the harmonic 
drives that are gear boxes with high-ratio and compact 
torque-transmission. However, the harmonic drive is 
plagued with friction and its unique mechanical design and 
assembly cannot deliver sufficient high stiffness. These 
characteristics pose challenges to the controller design 
since the joint flexibility may cause instability or resonant 
behavior in the system [5]. To deal with these problems, a 
number of control schemes based on the flexible models 
have been developed to control flexible-joint robots. These 
methods include feedback linearization [5, 7, 8, 27], 

singular perturbation techniques [9, 10], sliding mode [11], 
and robust adaptive controller approaches [12, 13].  

In the category of singular perturbation techniques, the 
integral manifold scheme in the context of composite 
control has been investigated in [14, 15, 16]. The 
approaches start with strategies dealing with the flexible 
joint robot with known parameters and are extended to the 
integration of composite control and corrective control 
methods to cope with flexible joint robots with unknown 
parameters—the so-called “adaptive integral manifold” 
approach. Research efforts have been focused on dealing 
with the effects of un-modeled dynamics and system 
parameter variations using the reduced order model of the 
flexible-joint manipulators. The seeming drawbacks of the 
integral manifold method are its complexity in deriving the 
expression of the slow control and the computational cost 
of implementation. These problems are more pronounced 
in the adaptive integral manifold method [9]. Although the 
current advances in symbolic software and parallel 
computing technologies have facilitated the 
computationally intensive control algorithm, the symbolic 
computation remains intractable as it hinges on the robot’s 
nonlinear model that is hard to be identified and verified. 
Moreover, the symbolic computation of symbolic has to be 
carried out again whenever the RJFL robot is changed.  

Recently, many NN controllers with closed-loop 
stability [17, 18, 19, 20, 21] have been proposed for 
various control applications. Due to its ability of universal 
function approximation, NN has been successfully used to 
design controllers for flexible-joint robots [11, 22, 23, 24]. 
In [11, 22], NNs are used to approximate the inverse 
nonlinear function to compensate the flexible nonlinearities. 
In the above work, off-line training is used to obtain the 
preliminary weights. Kwan et al. [18] proposed a robust 
NN controller for the motion control of Rigid-Link 
Electrically Driven (RLED) robots which are modeled as 
nth order rigid robot dynamics and the nth order electrical 
dynamics of joint drivers. Hence, the problem of joint 
flexibility has not been addressed specifically in the 
controller design.  In [24], adaptive neural network 
controller had been proposed for flexible joint robots using 
singular perturbation technique. However, the authors only 
designed an adaptive NN controller for slow subsystem 
while the uncertainties are ignored in the fast subsystems. 

In this paper, an NN-based controller is developed for a 
RLFJ robot manipulator using the concept of integral 
manifold and the idea of universal approximation of NN. 
Based on a singular perturbation formulation of robot 
motion dynamics, the RLFJ robot is described by a 
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reduced-order flexible-joint model. The concept of integral 
manifold is used to decompose the model into fast and 
slow dynamics. A composite controller is proposed to 
comprise a slow rigid-based component and additional fast 
corrective terms so that it can deal with the uncertainties in 
both fast and slow subsystems.  Motivated by the universal 
approximation of NN, we use two NNs in fast and slow 
controllers to approximate two explicit nonlinear functions 
to alleviate the symbolic computational burden.  For the 
flexible-joint based fast controller, a fictitious variable is 
introduced in the design of an NN controller to provide 
sufficient damping for the fast dynamics. The NNs’ weight 
matrix update rules are designed using the Lyapunov 
theorem extension [25] to ensure the unknown RJFL 
robot’s stability. It has been proven that the proposed NN 
controller guarantees the boundedness of tracking errors 
and makes the link position of the robot follow the desired 
trajectory. 

This paper is organized as follows. In Section 2, the 
model of an RLFJ robot manipulator in a singular 
perturbation form is introduced. Some properties of the 
robot manipulator and the basic idea of the NN model are 
presented. In Section 3, the developments of the adaptive 
NN based controllers for both rigid and flexible joint 
robots are detailed and the system stability is proved. In 
Section 4, the numerical implementation of the controller 
for a two-link flexible-joint manipulator is given and the 
results are compared with those of the adaptive integral 
manifold controller. Section 5 concludes the paper.  

 
2. SYSTEM MODELS 

 
2.1 RLFJ Robot Model 
 

A real industrial manipulator is driven by the 
actuators in the joints and its behavior cannot be fully 
captured by a rigid model. Normally an n-link RLFJ robot 
is modeled by a chain of rigid links interconnected by 
elastic joints [26]: 
     

0)()()(),()( =−⋅++++⋅+⋅ fLm qqKTqFqGqqqVqqM      
      (1) 
      τ=−⋅−⋅+⋅ )( fff qqKqBqJ    (2) 

with nRqqq ∈,,  referring to the link position, velocity and 

acceleration, n
fff Rqqq ∈,, , the motor shaft angle, 

angular velocity and angular acceleration,  respectively, 
nnRqM ×∈)(  the inertia matrix, nn

m RqqV ×∈),(  the 

coriolis and centripetal term, nRqG ∈)(  the gravity vector,  
n

L RT ∈  the load disturbance, diagonal matrix 
nnT RKK ×∈=  the stiffness coefficients matrix , diagonal 

matrix nnT RJJ ×∈=  motor inertia  diagonal matrix 
nnT RBB ×∈=  the joint damping term, τ  the control 

torque and nRqF ∈)(  the friction with the form: 

  )sgn()]1([)( 21
210 qeeqF qq ⋅−+⋅+= −− ββ ααα  (3) 

where 0α + 1α  represents static friction; 2α  represents the 
viscous friction. 
Property 1: )(qM  is symmetric, positive-definite and a 
nonlinear function of q . It is bounded by 
     ImqMIm ⋅≤≤⋅ 21 )(     (4) 
with 1m and 2m  being known positive constants. 
Property 2: ),( qqVm  is bounded by qqvd )( , with 
continuous function )(qvd .  

Property 3: The matrix mVM 2−  is skew-symmetric.  
Property 4: The unknown load disturbance LT  is bounded 
by a known positive constant da . 

When taking the joint flexibility into account, one 
needs to double the state variables in the dynamic model. 
This causes that the dynamic model of a flexible joint robot 
is of order four instead of order two for a rigid robot. Thus, 
the control problem becomes more complicated when the 
joint flexibility is considered. Since joint stiffness is large 
compared with other parameters, one assumes  

2
1 γKK =      (5) 

where γ  is a small parameter representing the inverse of 
stiffness and 1K  is on the order of 1. Suppose that J  and 
B  are very small and on the same order of γ .  The rigid 
model can be derived from (1) and (2) by assuming no 
elasticity at the joints (i.e. )0=γ  and is given by: 

τ=+++⋅++⋅+ Lm TqFqGqBqqVqJqM )()()),(())((  (6) 
 
2.2 Neural Network Model 
 
       In control engineering, NN is used to approximate a 
nonlinear function for modeling and control purposes.  In 
this work, we use a three-layer Multi-Layer Perceptron 
(MLP) neural network whose input layer, hidden-layer and 
output layer are denoted by, T

mxxxX ]...[ 21= , 
T

saaaa ]...[ 21= , and T
nyyyY ]...[ 21= ,   

respectively. The second-to-third layer interconnection 
weight matrix is defined as kj

T wW = , for sj ...,2,1= , 

nk ...,2,1= ; and the associated bias vector is defined as 
T

n
T

w ]...[ 21 θθθθ = . The first-to-second layer 

interconnection weight matrix is defined as ji
T vV = , for 

mi ...,2,1= , sj ...,2,1= ; and the associated bias vector is 

defined as T
s

T
v dddd ]...[ 21= . The output of NN is 

computed by: 

           ∑ ∑
= = ⎥

⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎥

⎦

⎤
⎢
⎣

⎡
+⋅⋅=

s

j
kj

m

i
ijikjk dxvwy

1 1
θσ   (7) 

where nk ,...2,1= , )(⋅σ  is the activation function. It can 
also be expressed in the following matrix form 
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           T
w

T
v

TT dXVWY θσ ++⋅⋅= )(   (8) 
      The bias jd  can be added to the weight matrix 

ij
T vV =  as the first column and the input vector is set as 

T
mxxxX ]...[ 110 +=  with 10 ≡x . Handling kθ  and 

jk
T wW =  in the same way, one has 

           )( XVWY TT ⋅⋅= σ .   (9) 

Let S  be a compact set of nR . Define )(SCn  as the 

space such that the map )(xf : nRS →  is continuous. The 

NN (9) can approximate function )()( SCxf n∈ , nRx∈  
as 
          )()()( xxVWxf TT εσ +⋅⋅=    (10) 

with )(xε  is a functional restructure error vector and TW  
is an ideal constant weight matrix. 

In this paper, it is assumed that there exists such a 
weight matrix that Nx εε ≤)(  with constant 0>Nε , for 

all nRx∈ , and the norm of the matrix is bounded by a 
known constant NWW ≤  with 0>NW .  

 
3. CONTROL STRATEGY 

 
3.1 Control Objective 

 
The control objective is to develop a position tracking 

controller for an unknown RLFJ robot dynamics (Eq. 1) so 
that the link position follows a desired trajectory. The 
tracking error of link position is defined as 
                          )()()( tqtqte d −=    (11) 

where n
d Rtq ∈)(  is the given desired trajectory which is 

continuous and its derivatives up to higher order are 
bounded. 

A filtered error is defined as 
                          eer ⋅Λ+=    (12) 
where 0>Λ=Λ T . 

The elasticity at the joints is large enough such that the 
system can be decomposed into a “slow” subsystem and a 
“fast” subsystem. From [6], the control signal τ  for the 
whole system has the form as 

          fs τττ +=     (13) 

where sτ  is the slow part and fτ  is the fast part, which is 
defined as: 

           )( fff qqK −=τ .   (14) 
Usually, we choose  

γ2KK f =     (15) 

with 2K  on the order of 1. 
Define z  as the difference between the link and motor 

position 
        qqz f −= .    (16) 

The RLFJ robot manipulator dynamics becomes 
0)()(),()( =⋅−+++⋅+⋅ zKTqFqGqqqVqqM Lm  (17) 

   τ=⋅+⋅+⋅ zKqBqJ ff .   (18) 
Substituting (13), (14) and (16) into (18), one obtains: 

qBqJzKzKBzJ sf ⋅−⋅−=⋅+⋅++⋅ τ)( .  (19) 
Define an integral manifold as zKh ⋅=  and rewrite 

(19) as 

)(

)( 11

qBqJK

hKhKKBKhKJK

s

f

⋅−⋅−=

⋅+⋅⋅+⋅+⋅⋅⋅ −−

τ
  (20) 

where ),,,( fqqthh γ= . 
Under the assumptions (5) and (15), one obtains  

)(
)(

1

1
1

2
12

qBqJK
hKhKKBKhKJK

s ⋅−⋅−=
⋅+⋅⋅+⋅⋅⋅+⋅⋅⋅⋅ −−

τ
γγγ (21) 

An approximate reduced-order flexible model can be 
derived by using a power series expansion of the integral 
manifold h and control sτ  around 0=γ . It is found that 
the slow control component sτ  is independent of fast 
control component fτ . Let us denote: 

)(

)(
2

10

2
10

γτγττ

γγ

O

Ohhh

s ++=

++=
   (22) 

where 0τ  is the control input to the rigid model, 1τ  is the 
corrective torque term for compensating the effects of γ , 
vector 0h  represents a zero-order approximation of h and 

1h  represents the first order correction to 0h . 
Substituting (22) into (21) yields 

.)()(

)()(

)()(

11
2

1101
2

1101
3

1
1

2
2

0
1

2
3

0
12

qBKqJKOKKO

hKhKOhKKBK

hKKBKOhKJK

⋅−⋅−+⋅+⋅=+

+⋅++⋅⋅+⋅⋅+

⋅⋅+⋅⋅⋅++⋅⋅⋅⋅
−

−−

γτγτγ

γγγγ

γγγγ

      (23) 
By equating terms of the same powers of γ  on both 

sides of (23), one obtains 
   1γ  terms:  11110

1
2 τ⋅=+⋅⋅⋅ − KhKhKKK  (24) 

   0γ  terms: qBKqJKKhK ⋅−⋅⋅−⋅= 110101 τ . (25) 
From (24), one may find: 

      )( 0
1

211
1

11 hKKKKKh ⋅⋅⋅−⋅= −− τ   (26) 
and (25) is written as : 
       )( 1101

1
10 qBKqJKKKh ⋅−⋅⋅−⋅= − τ .  (27) 

Equation (26) means that the corrective control 1τ  
relates to 1h  and rigid control 0τ  relates to 0h .  
From (21), the integral manifold h  becomes: 

)()( 2
0

1
2 γγτ OhKKKqBqJh s +⋅⋅⋅⋅−⋅−⋅−= −  (28) 

After substitution for zK ⋅  in (17) and usage of (28), 
the system (17) is rewritten as  

).(

)()(),()(
2

0
1

2 γγ

τ

OhKKKqBqJ

TqFqGqqqVqqM sLm

+⋅⋅⋅⋅−⋅−⋅−

=+++⋅+⋅
−

 (29) 
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The variable 0h  is “fast” variables; the link variables 
q  and q  are “slow” variables. Moreover, the rigid model 
(6) is obtained by setting 0=γ . 

The control task is to design 0τ  and 1τ  such that the 
link position of robot follows the desired trajectory. In [14], 
both 0τ  and 1τ  are derived with complicate expressions 
especially in the adaptive integral manifold method. In 
control application, NN is usually used as a tool for 
modeling nonlinear function due to their universal function 
approximation capability. In order to alleviate the symbolic 
computational burden in calculating 0τ  and 1τ , two three-
layer MLP neural networks are utilized to approximate two 
complicate nonlinear functions to form the control signals 

0τ  and 1τ . 
 
3.2 Rigid Joint Case 
 

The control signal 0τ  is designed by considering the 
rigid joint model (6).  Combining the filtered error (12) and 
system dynamics (1), one may obtain: 
  Lm TrBVFrJM +−⋅+−=⋅+ 00 ][][ τ  (30) 
where 0F  is a complicated nonlinear function defined as 

eJqJqFqG
eqBVeqqMF

d

dmd

Λ++++
Λ+⋅++Λ+⋅=

)()(
)()()()(0 . (31) 

Motivated by the universal approximate capability of 
NN, we utilize a first-layer-fixed MLP neural network to 
approximate the nonlinear function 0F  (31).  

    =0F )()( 00 xVWxf TT ⋅⋅= σ + )(0 xε  (32) 

    =0̂F )(ˆ)(ˆ
00 xVWxf TT ⋅⋅= σ   (33) 

where [ ]TTTTT
d

T
d qqqqqx 1)sgn(= , input-

layer weight matrix TV  is selected randomly and is not 
tuned,  and TW0

ˆ  is the estimated output-layer weight 

matrix TW0 .  
Define the weight estimation error as 

TTT WWW 000
ˆ~

−= .    (34) 
The RLRJ controller is designed as 

rKF v ⋅+= 00
ˆτ     (35) 

where r  is the filtered error and vK  is a gain matrix. 
The update rule of the NN is designed as 

        00
ˆ)( WrkrxVW TT ⋅⋅Γ⋅−⋅⋅⋅Γ= σ   (36) 

where 0>Γ=Γ T  and 0>k . 
The stability of controller is proved in the following 

theorem.  
Theorem 3.1: For an RJRL robot (6), the NN controller 
(35) and update rule (36) are applied. For a desired 
trajectory )(tqd , it is assumed that its time derivatives up to 
the third order are continuous and bounded. The controlled 

system’s filtered error )(tr  is bounded and the tracking 
error )(te  converges to a small neighborhood around zero 
by appropriately choosing suitable gain matrix vK . 
Proof: Define the Lyapunov function as 

0)~~(
2
1][

2
1

0
1

01 ≥⋅Γ⋅+⋅+⋅= − WWtrrJMrL TT  (37) 

where M and J are defined in ( 1), (2), and (4) and 
0>Γ=Γ T . 

Differentiating (37) yields  

)~~(
2
1][ 0

1
01 WWtrrMrrJMrL TTT ⋅Γ⋅+⋅⋅+⋅+⋅= −  (38) 

Introducing (30), (35) and (36), one has: 

)~~(

)()(
2

000

01

TT

L
T

v
T

WWWtrrk

TrrBKrL

−⋅⋅⋅+

+⋅+⋅+⋅−= ε
  (39) 

Since B  is very small compared with vK , its influence 
can be omitted. The minimum eigenvalue of gain matrix 

vK is minvλ . Thus we have 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⋅−+−⋅−≤

4
)(

2

min1
N

Ndv
WkarrL ελ  

where Nda ε+  is the upper bound of 0ε+LT . 
Assume that one have 

min

2 )(4

v

NdN aWkr
λ

ε++⋅
>     or   (40) 

kaWWW NdNN )(42~ 2
0 ε+++>  .  (41) 

One can prove that 1L is negative. In Inequality (40),  
if the minimum eigenvalue  minvλ  of gain matrix vK  is 
chosen large enough, the following inequality is held  

   r
v

NdN baWk
<

++⋅

min

2 )(4
λ

ε    (42) 

where 0>rb  represents the radius of a ball inside the 
compact set rC of filtered error )(tr . 

Thus, any trajectory )(tr starting in compact set 
{ }rr brrC ≤= converges within rC  and is bounded.  

Then tracking error )(te  converges to a small 
neighborhood around zero. According to the standard 
Lyapunov theorem extension [25], this demonstrates the 
UUB (uniformly ultimately bounded) of both )(tr  and 0

~W . 
Q.E.D. 

 
3.3 Flexible Joint Case 
 

Introducing the filtered error (12) into system (29), one 
has 

 
)( 2

0
1

2
1

0

γγ

τ

OhKKKK

qBqJTFrVrM Lsm

+⋅⋅⋅⋅⋅+

⋅+⋅++−+⋅−=⋅
−− .  (43) 

The above equation is rewritten as: 
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[ ]{ }.
)(

1
20

1
2

1

2
100

qBqJKKhKKKK

TOFrVrM

f

Lm

⋅+⋅⋅+⋅⋅⋅⋅⋅

++−⋅−−+⋅−=⋅
−−−γ

γτγτ
 (44) 

The nonlinear function 1F  is defined as 

[ ]qBqJKKhKKKKF f ⋅+⋅⋅+⋅⋅⋅⋅= −−− 1
20

1
2

1
1 . (45) 

The error dynamics is derived as: 

Lm TFOFrVrM +⋅+−⋅−−+⋅−=⋅ 1
2

100 )( γγτγτ  (46) 
Again,  a second first-layer-fixed MLP neural network 

is used to approximate the nonlinear function 1F  (46).  

=1F )()( 11 yVWyf TT ⋅⋅= σ + )(1 yε    (47) 

where [ ]TT
s

TTT Wqqy 1ˆ
10τ= , sW1

ˆ  represents all of 

the entries of 1Ŵ  stacked into a single column vector.   

To implement 1F  (45), one needs to compute 0h . It can 
be obtained by differentiating (27) and using q  from the 
rigid model (6). Since 0h  is a nonlinear function related to 
rigid control 0τ , 1F  is highly complex nonlinear function 

of 0τ , qq, and 1Ŵ .  
The corrective term is designed as: 

ϕτ ⋅+= uKF11
ˆ     (48) 

where ϕ  is a fictitious variable, which will be designed 
later. Substituting the control strategy 0τ  (35) and 1τ (48) 
into the error dynamics (46), one obtains: 

)(

~~)(
2

10

γ

γϕγ

OT

FFKrKVrM

L

uvm

−+

⋅++⋅⋅−⋅+−=⋅
 (49) 

Design a fictitious variable as 
  zK ⋅−= 0τϕ .    (50) 

Using (22) and (28), one has 

)].(

[)(
1

2

0
1

2
1

1
2

1

qBqJKK

hKKKKO

f +⋅⋅+

⋅⋅⋅⋅⋅+−⋅−=
−

−−γγτγϕ
 (51) 

Using (45), one has 
)( 2

11 γτγγϕ OF −⋅−⋅= .   (52) 
Similarly, with the control strategy (48), equation (52) 

becomes 
=ϕ )(~ 2

1 γϕγγ OKF u −⋅⋅−⋅ .   (53) 
 
3.3 Overall Controller 
 

Two different NN based controllers have been 
designed—one is the first slow part 0τ based on a rigid NN 
approximating 0F  function and the other is the second 
slow part 1τ  based on the corrective NN approximating 1F  
function. The composite control scheme is shown as: 
       fs τττ += )( 2

10 γτγτ O+⋅+= zK f− .  (54) 
With (35) and (48), the overall control scheme is 

derived as 

zKKFrKF fuv −⋅+⋅+⋅+= )ˆ()ˆ( 10 ϕγτ  .  (55) 
Choose the update rule for those weight matrices 

respectively as 

00000
ˆ)( WkrxVW TT ⋅⋅Γ⋅−⋅⋅⋅Γ= ξσ   (56) 

11111
ˆ)()( WkryVW TTT ⋅⋅Γ⋅−+⋅⋅⋅Γ= ξϕσ   (57) 

where [ ]TTTr ϕξ = , 0>Γ=Γ T  and 0>k , and the 
weight matrix errors are derived as: 

000000
ˆ)(~ WkrxVWW TT ⋅⋅Γ⋅+⋅⋅⋅Γ−== ξσ  (58) 

−=1
~W 1W 1111

ˆ)()( WkryV TTT ⋅⋅Γ⋅++⋅⋅⋅Γ−= ξϕσ . (59) 
Remark 1:  The NN controller design algorithm was 
motivated by the integral manifold method. In integral 
manifold procedure, an iterative algorithm has been 
proposed to solve the manifold to which the slow dynamics 
converges by using Taylor series expansion around the 
zero of the inverse of stiffness. The procedure becomes 
very tedious and time-consuming. For different robots with 
different nonlinear models, the procedure has to be 
repeated. While the proposed NN controller does not need 
such computations and are applicable to different robots 
with different parameters due to the on-line tuning. 
Remark 2: No off-line weight tuning is needed. The initial 
estimation values of the weight matrix TW0

ˆ  and TW1
ˆ  are 

set to zero. At the beginning, the controller becomes a PD 
controller. The control scheme does not guarantee that 

TW0
ˆ and TW1

ˆ  converge to the true values of TW0 and TW1 . 
From the above theorem, one may claim that the 
boundedness of TW0 , TW1  and  )(tr  are guaranteed. Thus, 
the tracking error )(te  is guaranteed to approach to zero. 

 
Theorem 3.2: For an RJFL robot (1), the NN controller (55) 
and update rules (58) and (59) are applied. For a desired 
trajectory )(tqd , it is assumed that its time derivatives up to 
the third order are continuous and bounded. The controlled 
system’s filtered error )(tr  and fictitious variable )(tϕ  are 
bounded and the tracking error )(te  converges to a small 
neighborhood around zero by appropriately choosing 
suitable gain matrices fK , vK , and uK . 
Proof : Define the Lyapunov function as 

   
0)~~(

2

)~~(
2
1

22
1

1
1

11

0
1

002

≥⋅Γ⋅+

⋅Γ⋅+⋅+⋅⋅=

−

−

WWtr

WWtrrMrL

T

TTT

γ

ϕϕγ

 (60) 

Differentiating the above function yields 

ϕϕγ ⋅⋅+⋅⋅+⋅⋅= TTT rMrrMrL
2
1

2 )~~( 0
1

00 WWtr T ⋅Γ⋅+ −

)~~( 1
1

11 WWtr T ⋅Γ⋅⋅+ −γ .    (61) 
 

Introducing (49), (53), (58) and (59), one obtains: 
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Defining ⎥
⎦

⎤
⎢
⎣

⎡
⋅
⋅

=
u

uv

K
KK

Q 20 γ
γ

 and 

{ } WWWWWdiagW ˆ~,10 −=⋅= γ , one acquires: 

2L +++⋅+⋅⋅−= )( 10 L
TT TrQ εεξξ 1εϕγ ⋅⋅ T

)~~~( WWWWtrk TT ⋅−⋅⋅⋅+ ξ .   (62) 
Thus one has 

⋅⋅+⋅+⋅−≤ ξεξξλ kL N
2

2 )~~( 2
FNF

WWWtr −⋅  (63) 

where minQλ is the minimum eigenvalue of Q  and 

( )1
2

10max εγεεε ⋅++= LN T , NW  is the bound of the 
ideal weight matrix W , and         

≤−⋅ )~~( 2
FNF

WWWtr 2~~
FNF

WWW −⋅ . 

Inequality (63) becomes  
⋅−−⋅⋅−≤ kL NQ εξλξ min2 [ )]~~( 2

FNF
WWW −⋅ , 

and  one has  
⋅−−⋅ kNQ εξλ min )~~( 2

FNF
WWW −⋅  

 −−⋅= NQ εξλ min
2

2
)

2
~(

4
N

F
N WWkWk

−⋅+
⋅ . 

Suppose one have 
               

min

2 4

Q

NNWk
λ

εξ +⋅
>     (64) 

or 

kWWW NNNF
ε++> 42~ 2 .  (65) 

One can prove that 2L  is negative. Inequality (41) 
shows that if control gains fK , vK , and uK are chosen 
large enough, the following inequality is held  

ξλ
ε bWk

Q

NN <
+⋅

min

2 4  

where 0>ξb  represents the radius of a ball inside the 
compact set ξC of filtered error )(tξ . 

Thus, any trajectory )(tξ starting in compact set 
{ }ξξ ξξ bC ≤= converges within ξC  and is bounded.  

According to the standard Lyapunov theorem extension 
[25], it demonstrates the UUB (uniformly ultimately 
bounded) of both )(tξ  andW~ .  

Q.E.D. 

The overall NN controller structure is shown in Fig. 1. 
The control algorithm is summarized as the following steps.  
Step i  With (11) and (12), the filtered error )(tr is 
obtained.  
Step ii  Following the control strategy (35), the control 
signal )(0 tτ is calculated. 
Step iii  The fictitious variable )(tϕ  is obtained by (50).  
Step iv  Following the control strategy (48), control signal 

)(1 tτ is computed.  
Step v  The overall control signal )(tτ is calculated using 
the control scheme represented by (13) and (14).  
 

4. SIMULATION 
 

The effectiveness of the proposed control scheme is 
demonstrated on a two-link manipulator [26], which can be 
described in the form of (1) and (2)  
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2

2 mmlmla +⋅+⋅= , 2212 mllb ⋅⋅⋅= , 2
2

2 mlc ⋅=  

0121 )( glmmd ⋅⋅+= , 022 glme ⋅⋅= . 
The parameter values are shown in Table 1. Two input 

reference signal are chosen as desired two joints positions: 
)1.0sin(21 tq d ⋅⋅= π  and )1.0sin(32 tq d ⋅⋅= π .  The control 

objective is to make the flexible-joint robot joint angle 
[ ]Tqqq 21=   follow the given desired joint 

trajectory [ ]Tddd qqq 21= . The gains are selected as: 

[ ]T120=Λ , { }5050diagKV = , { }55diagKu = , 
{ }33diagK f = , { }10100 diag=Γ , { }20201 diag=Γ , 

and 1.0=k .The system responses under the control of the 
proposed NN-based controller are shown in Fig. 2. 

YAO et al: A Composite Approach to Adaptive Neural Network Control of Unknown Flexible Joint Robots  250



  

 

Fig. 1 NN Controller structure 

 

 

  

 
  
 

 
 
 

Fig. 2 Performance of the NN controller 
with { }100100diagK =  (a) Actual (dashed line) and 

desired (solid) joint 1q angles  (b) Error dqq 11 −  (c) Actual 
(dashed line) and desired (solid) joint 2q angles.  (d) 

Error dqq 22 − , (e) Bounded control torque of joint 1u  (f) 
Bounded control torque 2u  

 
 

Table 1 System Parameters Values 
System Parameters Values 
Link 1 length (m) 1 
Link 2 length (m) 1 

Mass of link 1 (kg) 0.8 
Mass of link 2(kg) 2.3 

Gravity acceleration(m/s2) 9.8 
 

 

 

 

Fig. 3 Performance of  an adaptive integral manifold 

scheme [16] (a) Actual (dashed line) and desired (solid line) 

joint 1q angles (b) Error dqq 11 −  (c) Actual (dashed line) 

and desired (solid line) joint 2q angles (d) Error dqq 22 −  

For a comparison of performance, an adaptive 
manifold scheme [16] has been implemented by using the 
same control parameters. The simulation results are shown 
in Fig. 3. Please note that an unknown friction term is 
added in the robot model which makes the control problem 
more challenging than that in [16].  
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The simulation results show that the proposed NN-

based controller outperforms the adaptive manifold 
approach with simpler implementation. The NN is tuned 
on-line without any preliminary off-line training.  

 
4.2 Robustness Test 
 

In order to test the robustness of the controller, one 
changes the system parameters to ,8.0,2.1 21 mlml ==  

,11 kgm = and kgm 22 = and then apply the same NN-
based controller to the system. The system responses are 
shown in Fig. 4.  
 

 

 
Fig. 4 Performance of NN controller with 20% change of 

system parameters (a) Error dqq 11 −   and  (b) Error 

dqq 22 −  
 

From the above results, one observes that the proposed 
NN controlled system gives a good response when the 
system parameters are changed within 20% percent range. 
The test results show that the NN controller owns the 
ability to deal with the system uncertainties. 
 
4.3 Stiffness Parameter 
 

Further simulation runs have been carried out to test 
the effect of stiffness variation to the controller.  The same 
controller is run by using two stiffness parameters: 

{ }300300diagK =  and { }3030diagK = . The system 
responses are shown in Figs. 5 and 6. The results 
demonstrate that the proposed controller can deal with 
relative large range stiffness change.  
 

 

Fig. 5 Performance of NN controller with stiffness 
parameters { }300300diagK =   (a) Error dqq 11 −    (b) 

Error dqq 22 −  
 

Figs. 2-6 show the simulation results of applying the NN 
controller to the RLFJ system for tracking desired signal. 
One can see that a very good tracking performance is 
obtained. The NN controller can indeed improve the 
tracking performance without resorting to high-gain 
feedback. In addition, we do not even need to know the 
explicit parameters of a system. Moreover, the NN 
controller can be implemented in a wide stiffness 
parameter range. This is a significant advantage since the 
NN controller can be applied to any type of flexible or 
rigid robots with little modification to gain parameters. 

 

 

 
Fig. 6 Performance of NN controller with stiffness 

parameters { }3030diagK =  
(a) Error dqq 11 −    (b) Error dqq 22 −  

 
5. CONCLUSION 

 
In this paper, an adaptive NN controller is designed 

for a rigid link flexible joint (RLFJ) robot manipulator with 
unknown nonlinearities by using a composite control 
approach. Two NNs are used to approximate two 
complicated unknown nonlinear functions in both fast and 
slow control components. No off-line training is required 
for NNs. The control algorithm and weight matrix update 
rule are derived from Lyapunov theorem extension. The 
stability and boundedness of the tracking error of this 
unknown RLFJ robot manipulator have been proved. 
Simulation results show that the proposed NN controller 
outperforms the adaptive composite control method and 
can be applicable to unknown flexible robots with a larger 
range of stiffness. Future work includes the development 
of on-line self-constructing NN-based controller for 
unknown RLFJ robot manipulators.  
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